We study a given fixed continuous function φ : S 1 → R and an endomorphism f : S 1 → S 1 , whose f -invariant probability measures maximize φ dµ. We prove that the set of endomorphisms having a φ maximizing invariant measure supported on a periodic orbit is C 0 dense.
Introduction
While ergodic theory and optimization are two of the most renowned and studied theories of the last century, it was only in the last decade or so that works relating these two fields were systematically produced, consolidating into the so-called ergodic optimization, see [4] [5] [6] [7] .
It is well known, from the Krylov-Bogolyubov theorem in ergodic theory, that given a compact metric space X and a continuous transformation f : X → X, the set of f -invariant Borel probability measures, M inv (f ) , is non-empty. It is also widely known that M inv (f ) is convex and compact in the weak * topology. Optimization theory is concerned with finding the maxima (or minima) of a given continuous functional P : K → R, where K is a topological space. Its applications are wide ranging, from Lagrangian mechanics to economics and engineering.
One way to unify these fields is the following. Given a continuous function φ : X → R, we can define the functional P φ : M inv (f ) → R, P (µ) = φ dµ. Ergodic optimization is the study of the maxima (or minima) of P φ . Since M inv (f ) is compact and convex, and since P φ is affine, there is always a maximum at an extreme point of M inv (f ), denoted by µ max . But these extremes are precisely the ergodic measures.
Several relevant questions may be considered involving the relationship between f , φ and the maxima of P φ . Recent works [1] [2] [3] have concentrated on two main lines:
1. If we fix f and let φ belong to a 'large' space, is it true that 'generically' P φ has as a maximum an ergodic measure supported on a periodic orbit?
2. Given an f invariant ergodic measure µ, is there a continuous φ such that µ is the unique maximum of P φ ? If so, can φ be chosen in a smaller space? For instance can we pick a differentiable φ?
There have been several successful partial answers for both these questions, see for instance [1] for the first and [3] for the second. Question 1 seems to have been motivated by an important conjecture of Mañé, which says that minimizing measures for Lagrangian flows are generically supported on periodic trajectories. Of course, while in Mañé's conjecture the dynamics and the minimizing functional are directly connected, in question 1 we are allowed to change the target function without modifying the dynamics.
The problem we were concerned with in this paper is a variation of question 1. Instead of allowing φ to vary, we will keep φ fixed and allow f to vary. Is it still true that for a dense set of dynamics there is a φ-maximizing measure µ max supported in a periodic orbit? In [8] we show this to be true when f is a homeomorphism on a compact manifold, but the technique made use of the invertibility of f . On the other hand, in [9] we show that the set of homeomorphisms for which the maximizing measure is supported in a periodic orbit is meager in the usual topology.
In this paper we consider the case where f is an endomorphism of the circle, i.e. a continuous and surjective map. Our main result here is the following.
Theorem 1. Given an endomorphism
andf has a φ-maximizing invariant measure supported in a periodic trajectory.
It should be noted that the actual 'topological size' of the set of circle endomorphisms with a φ-maximizing measure supported in a periodic orbit depends on the regularity of φ. This can be seen from the following theorem, also proved in [9] . These results still leave open some interesting problems: for instance, can we require more regularity from f andf ? And can we prove a similar result when X is a more general space?
The paper is organized as follows: in the next section we derive some general preliminary results and give an outline of the proof of our theorem, in section 3 we find an interval where we will perturb f , and in the last section we buildf and prove the theorem.
Preliminaries and outline of the proof

Initial assumptions and an important lemma
We can take f to be piecewise linear, since these functions form a dense subset in the set of endomorphisms of the circle. By piecewise linear we do not mean the usual notion, because we do not allow zero derivative. To be precise, f is supposed to be a continuous mapping of the circle, such that for all
exists and is locally constant in a neighbourhood of x and is different from zero at all points.
We assume that there is a maximizing measure µ max , whose support does not contain any periodic orbit. As we said before, ergodic measures are the extreme points of the convex set M inv (f ) = {f -invariant Borel probability measures on S 1 }, so we can suppose that µ max is ergodic and, of course, without loss of generality, we can assume that φ dµ max = 0.
We will need the next result (note that it is valid in a much more general situation). Proof. Suppose that the lemma hypothesis is satisfied, but for some x ∈ A and n > 0,
and A ⊂ supp(µ max ), there exists a setÃ ⊂ A ⊂ S 1 of positive µ max measure, with
As µ max (Ã) > c > 0 for some real number c, µ max -almost every point inÃ is recurrent and returns toÃ infinitely many times. If the diameter of the setÃ is sufficient small, then for each recurrent y ∈Ã, there exists N(y) > n such that f N(y) (y) ∈Ã and this is the first time it returns toÃ. Suppose that for all recurrent y ∈Ã,
Birkhoff's ergodic theorem implies that for µ max -a.e. recurrent y ∈Ã,
which is a contradiction, because the limit of the average above exists and is equal to zero for µ max -almost every point. So (1) does not hold and there exists y ∈Ã such that f N(y) (y) ∈Ã and
But this contradicts the lemma hypothesis, so for all x ∈ A and n > 0, such that |f n (x) − x| < ε * /2, we get that
We will also make use of proposition 1. 
Proof. This follows from lim sup
which can be derived by the weak * compactness of probability measures in S 1 , see proposition 2.1 of [6] .
Outline of the proof of theorem 1
Here we present the main ideas behind the proof of theorem 1. Our argument is perturbative. We perform a small change to f , with support in a small interval in order to obtainf . The idea is to close a 'finitely'-recurrent orbit into a periodic one.
We use lemma 1 in order to find a recurrent pointx in a special set C, defined in section 3, and n > 0 such that |f n (x) −x| < ε and the partial average
There are two cases.
(1) For all possible choices ofx and n > 0,
In case 1 we have to consider other pre-images of f n (x) contained in the small interval (x, f n (x)]. Also, for each of these pre-images (if any), we look at the φ partial average over the finite piece of the orbit starting at the pre-image and ending at f n (x). There are 2 subcases.
(1.1) These partial averages are all less than or equal to zero; in this case we consider the point in the small interval [x, f n (x)] which returns to this interval and has the largest possible partial average. This may bex itself. The rest of the proof, in this case, consists of performing a perturbation which turns this maximizing partial orbit into a periodic one. (1.2) There is a partial average which is strictly positive; this subcase is handled together with case 2.
The proof of the main theorem in cases 1.2 and 2 has several details. The main difficulty is that, if a perturbation is performed in order to create a periodic orbit O P with positive φ-average, other non-periodic invariant measures may appear. These new measures may have φ-average larger then the φ-average on O P . So, care must be taken when we perturb f in order to create a periodic maximizing measure; we must guarantee that all non-periodic invariant measures created in the process have a 'small' average. Therefore, in section 3.2 we derive some technical properties of the interval where the perturbation takes place. The perturbation itself is done in section 4.
Finding the return interval
We begin by considering the sets
From the above definitions we get that A and B are denumerable, since every point in S 1 has at most a finite number of pre-images, and µ max (B) = 0 because µ max is non-atomic. Also note that f (A) ⊂ A, f −1 (A) ⊃ A, f (B) = B and f −1 (B) = B. Now let us define two important sets.
• Let C be the set of points in supp(µ max ) \ B that are recurrent by both sides, that is, • Let C ⊂ supp(µ max ) \ B be the set of points whose orbits are dense in supp(µ max ).
Lemma 2. C has total µ max measure.
Proof.
As µ max is ergodic, Birkhoff's ergodic theorem implies that µ max (C ) = 1. Every x ∈ C is recurrent and if it is not recurrent by both sides, as the orbit of x is dense in the closed set supp(µ max ), x belongs to the boundary of an open interval in (supp(µ max )) c . But this implies that the set of all x ∈ C which are not recurrent by both sides is denumerable, as it is contained in the boundary of the open set (supp(µ max )) c . As µ max is non-atomic, this set has zero µ max measure. So, µ max (C) = 1. Now we prove lemma 3.
Lemma 3. C satisfies the hypothesis of lemma 1.
Proof. Clearly, if x ∈ C ⊂ C ⊂ supp(µ max )\B, f is locally a linear homeomorphism (with constant slope) at x. Thus f (x) ∈ C ⇒ f (C) ⊂ C. Also, it is easy to see that if we denote by Per(f ) = {x ∈ S 1 : f n (x) = x, for some integer n > 0} the set of f -periodic points and
we get that C ∩ Pr Per(f ) = ∅, so C satisfies the hypothesis of lemma 1.
In the following we will start the proof of the main theorem, which will be divided into 2 cases and several sub-cases.
We proceed by choosing a pointx in C with an iterate y def = f n (x) which satisfies (ε > 0 comes from the statement of theorem 1) that (i) if there exists ε * > 0 as in lemma 1, then |x − y |< min{ε, ε * /100}, (ii) otherwise |x − y |< ε.
In both cases the following holds:
By lemma 1 this can always be achieved. Furthermore, for all 1 i n − 1, we can suppose that f i (x) / ∈ [x, y], just by taking appropriate points in {x, f (x), f 2 (x), . . . , f n (x)} ⊂ C and renaming them asx and y, if necessary. Recalling that asx / ∈ B and f (C) ⊂ C , we get that f i (x) ∈ C for all integer i > 0, so y ∈ C.
So, as y is recurrent by both sides, there is a positive integer k such that f k (y) ∈ (x, y) and In case 1, we look at the subset
We have two subcases, namely. (1.1) for all z ∈ PRE y ,
2) there is a z 0 in PRE y such that
Case 1.1
Let us first consider the situation where a 0 (see (3)) cannot be chosen larger than 0 and such that for all x ∈ (x, y) and all positive n x satisfying f n x (x) = y, we have
The above hypotheses imply that if for some x ∈ (x, y) and n x < n x , f n x (x) =x, then In the first case we can consider the transformationf = T • f , where T is a continuous transformation which is the identity outside (x, y), and T (x) =x for all points in (x, f k (y)) (see figure 1 ). Nowx is a periodic point forf with 0 average, because from lemma 1 n+k−1 i=0 φ(f i (x)) = 0, and we did not create new orbits with φ average greater then 0. In case 1.1.2, let m 0 (a 1 ) be given by proposition 1. For every integer l ∈ {1, 2, . . . , m 0 (a 1 )}, we consider the compact set
). Now let q ∈ {q 1 , q 2 , . . . , q m 0 (a 1 ) } be such that n q is the first return of q to [x, y], and such that for all x ∈ (x, y), if f j (x) also belongs to (x, y), then
Since p must belong to a K i for some i, we have
This implies that f n q (q) / ∈ {x, y}. We again consider an endomorphism of the formf = T • f , but now T is any continuous transformation such that T (f n q (q)) = q and such that T is the identity outside (x, y). Now q is a periodic point forf , and its orbit is clearly the one maximizing the φ average.
In both cases, it is still possible that another trajectory has a φ average equal either to 0 in case 1.1.1 or to the partial average of q in case 1.1.2. But since every point whose positive orbit does not return to (x, y) has, at most, a 0 average, and for every point in (x, y), the φ average of its first return forf is the same as for f , the maximum possible φ-average must be those of the periodic orbits.
The remaining case
Now we are left to consider the case where there existsx ∈ [x, y) (note thatx may equalx or not) and an integer nx > 0 satisfying f nx (x) = y, with
Note that this case includes 1.2 and 2 of page 4. Proposition 1 implies that for some
there exists a point
It may be the case that more than one pair {x max , f n max (x max )} ⊂ [x, y] as above exists. We choose one which minimizes the distance |x max − f n max (x max )|.
Now we have two possibilities.
(I) {x max , f n max (x max )} ⊂ (x, y), (II) possibility 1 does not hold.
In case I, as in 1.1.2 of section 3.1, consider the endomorphismf = T • f , where T is any continuous transformation such that T (f n max (x max )) = x max and T is the identity outside  (x, y) . This turns x max into a periodic point forf , and its orbit maximizes the φ average.
In case II, as f (C) ⊂ C andx, y ∈ C, we get that f n max (x max ) ∈ C. From now on, for notation's sake, we denote x max byx, n max by n and f n max (x max ) by y ∈ C. In this way, we get
The rest of the paper deals with this situation.
As we said y ∈ C, so there must be a first positive integer
The next step is to choose a δ 1 > 0 sufficiently small such that the following conditions are satisfied (recall that m 0 comes from expression (5)).
• ∪
, which is a finite set. So, if δ 1 > 0 is sufficiently small, this condition is satisfied.
x is not, then
) (the average of φ over the trajectory of x until its first return is less than the average of φ on the orbit ofx).
• For all x ∈ [y, y + δ 1 ] and 0 < j < n ret(y) , 
Buildingf
We will construct an endomorphismf : S 1 → S 1 that satisfies
Also, T will be non-decreasing, and T (y) =x. Clearly, the dynamics of this new endomorphism differs significantly only at those points returning infinitely many times to
So let us consider the set
of all those points in I returning to I , and let us define, for each point in D, the following functions,
Clearly, ψ gives the average of φ in the portion of a trajectory before returning to I . It should be clear that ψ(x) a > 0, see (6) .
The following lemma will be useful.
Proof. The statement holds by the choice ofx and δ 1 > 0 for every x in the hypotheses such that N ret (x) m 0 . It must also hold for any x such that N ret (x) > m 0 by proposition 1.
We recall that, by the requirements in the choice of δ 1 , in each connected component of
, f n is a linear isomorphism (n m 0 + 10). There are three different cases, and we will choose T accordingly. In case (c), let α be a local maximum and
We will choose T as
Just like in case 1.1.1 of section 3.1, in case (a) a maximizing measure is supported in the periodic trajectory ofx.
In case (c), by lemma 4, if
there is a positive iterate of x underf which coincides withx (see figure 3) . Thus, a maximizing measure is supported either in the periodic orbit of α or in the periodic orbit ofx.
Finally, in case (b), note that for all x in [x, w], as N ret (x) = n, ψ is a strictly increasing continuous function, so there must be a point α in the open interval (x, w) such that ψ is differentiable at α, and ψ (α) = K, for some real number K. We can choose δ 2 > 0 sufficiently small such that all of the following happens. In this context, we can choose T (see figure 4) as to satisfy the following conditions (recall that f 2 is defined in (8)). . One useful fact is that (11) ensures that α is a repelling source for T • f 2 .
T is non-decreasing and is the identity outside
Item 5 follows from the previous items but is included for simplicity. Figure 5 presents a sketch of the graph of T • f 2 in [x, w], the first return forf .
We claim that, in case (b), the invariant measure supported in the periodic orbit of α maximizes φ dµ. To see this, first note that for any point in the circle, if its positive orbit byf = T • f falls inside [x, w], but outside [α, α + δ 2 ], it must eventually end atx (since T • f 2 (α − δ 2 ) =x and by the choice of δ 1 , f 2 (y + δ 1 ) ∈ (x, y), so T • f 2 (y + δ 1 ) =x, see figure 5 ).
Also, if a point x ∈ D is such that f 2 (x) / ∈ [y, y + δ 1 ], then T (f 2 (x)) =x, and sincex is a periodic point forf with φ average smaller than ψ(α) we need not be concerned. 
where in the first equality we used (11) in the definition of T , and the last inequality made use of the choice of δ 2 and (10). Substituting the two previous equations in (12) yields that
and since this is valid for a strictly increasing sequence n a k , there cannot be an ergodic measure ν, invariant byf , such that φ dν > ψ(α), and we are done.
